850

IEEE TRANSACTIONS ON ROBOTICS, VOL. 21, NO. 5, OCTOBER 2005
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Abstract—Numerical integration methods based on the Lie
group theoretic geometrical approach are applied to articulated
multibody systems with rigid body displacements, belonging to
(3), as a part of generalized
the special Euclidean group
coordinates. Three Lie group integrators, the Crouch–Grossman
method, commutator-free method, and Munthe–Kaas method,
are formulated for the equations of motion of articulated multibody systems. The proposed methods provide singularity-free
integration, unlike the Euler-angle method, while approximated
solutions always evolve on the underlying manifold structure,
unlike the quaternion method. In implementing the methods, the
exact closed-form expression of the differential of the exponential
(3) are formulated in order to save
map and its inverse on
computations for its approximation up to finite terms. Numerical
simulation results validate and compare the methods by checking
energy and momentum conservation at every integrated system
state.
Index Terms—Differential equations on Lie groups, multibody
dynamics, numerical integration, special Euclidean group.

I. INTRODUCTION

A

RTICULATED multibody systems play an important role
in many aspects of robotics. The significance became
magnified recently as many new platforms employing articulated multibody configurations emerge, such as humanoids,
vehicles with manipulators, and the like. In the study of these
systems, the capability of dynamic simulation is an indispensable requirement.
In general, dynamic simulation consists of two parts: forward
dynamics and integration. Forward dynamics computes the
derivative of state variables including system accelerations,
given force command. There are many efficient recursive algorithms available for forward dynamics computation, for both
open-loop and closed-loop systems (see [1]–[4] and references
therein). To complete dynamic simulation, the computed state
derivatives should be integrated to predict the ensuing motion.
Integration, or equivalently, solving the differential equations,
cannot be done analytically unless the system, as well as the
force command, are particularly simple. Numerical integration hence should be adopted. For a multibody system with
independent generalized coordinates, integration is a straightforward application of many available numerical algorithms
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solving ordinary differential equations (ODEs) [5], e.g., the
Runge–Kutta (RK) method and its variants. The independence
of the generalized coordinates is a very important premise
which guarantees successful approximation of a numerically
integrated solution, since under the assumption, the underlying
state space is considered to be , the -dimensional real vector
space. It is the case with most open-loop grounded systems,
as the generalized coordinates consist of independent joint
coordinates expressing each joint motion.
Many articulated multibody systems include the rigid-body
displacements of some bodies within the generalized coordinates. A most natural mathematical way to embody rigid
body displacements is to represent them as an element of the
[6]. The special Euclidean
special Euclidean group
group
is the semidirect product [7] of
and the special
consisting of orthogonal matrices
orthogonal group
having unit determinant, that is, rotation matrices. An element
is represented by the homogeneous transbelonging to
formation matrix. The difficulty arises as the group is not .
Consequently, the differential equations evolving on
cannot be properly integrated by conventional RK methods
.
developed for
Parametrization of rotation matrices using a set of independent three or more parameters has been applied to circumvent
this difficulty. Two most common reparametrization methods are
Euler angle representation and unit quaternion representation
[6]. The Euler angle representation, adopting only three independent parameters, suffers from artificial and nonintrinsic singularity, which leads to numerical and analytical difficulty. The
unit quaternions approach leads to singularity-free parametrization of rotation matrices, but at the cost of one additional parameter, hence, in total, four. Numerical integration should deal
with one algebraic equation expressing normalization constraint.
This algebraic constraint is resolved at every step by projecting
the approximated solution onto the manifold consisting of unit
quaternions. For the unit quaternion method, this is usually done
by normalizing the approximated quaternion. One can find details of implementing rotation matrices reparametrization within
the framework of dynamic simulation in [8].
Recently, many geometric integration methods have been developed [9]. Underlying manifold structure can be preserved by
integrating differential equations on the manifold [10], [11]. For
good summary of this approach, one can consult [12] and [13].
Alternatively, one can enforce the constraints explicitly by imposing the constraints within a time-stepping framework [14],
[15] or within the framework of differential algebraic equations
[16]. In particular, free rotational dynamics of a rigid body attracted great interest due to its property of conserving energy
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and momentum, as well as symplectic structure [17]–[20]. To
impose a time-symmetry property on Lie-group integrators, implicit schemes have been developed [21]. Implicit numerical integration algorithms require a numerical solution to some algebraic equations while integrating. For nonlinear equations defined on a Lie group, a quadratically convergent Newton iteration scheme has also been developed [22].
In this paper, we propose Lie group theoretic geometric
methods1 for numerical integration of the equations of motion
of articulated multibody systems with rigid body displacements
as a part of generalized coordinates. The key insight lies in the
recognition that the equations of motion result in differential
equations on a Lie group. Then, numerical integration methods
are applied to preserve the group structure while integrating
the equation. Highlighting the advantage of the methods in
advance, they lead to singularity-free integration, like the
quaternions method. Furthermore, the algorithms do not involve any algebraic constraints, unlike the quaternion method.
The cost is the additional computations required for matrix
multiplications associated with exponential matrices. This is
the cost from the viewpoint of numerical computation. On the
other hand, there is a gain from the analytical viewpoint. The
method does handle the equation of motion as it is, without any
artificial reparametrization, or transformation, of them.
The paper is structured as follows. First, a brief summary
, is provided in Secof the special Euclidean group,
and a novel
tion II. The structure of its Lie algebra
closed-form expression of the associated exponential map are
given. Further, the closed-form formula of the differential of the
exponential map and its inverse are provided. Then, differential
equations on a matrix Lie group are introduced briefly, and
three important classes of explicit Lie-group integrators, that
is the Crouch–Grossman (CG) method, the commutator-free
(CF) method, and the Munthe-Kaas (MK) method, are briefly
summarized, focusing on their algorithms in Section III. They
are the bases of the proposed methods. The equations of motion
of a single rigid body are examined in Section IV, and we
formulate the numerical integration methods for the resulting
differential equation on a Lie group. Then, the algorithms are
applied to general articulated multibody systems in the next
section. Numerical simulation results employing an articulated
multibody system are summarized in Section VI to validate
the properness of the proposed method and to compare performance of individual integration methods.
II. SPECIAL EUCLIDEAN GROUP

It can be verified that the group
is indeed a Lie group
of six dimensions with the usual matrix multiplication. A Lie
group is a group which is a differentiable manifold, and for
which the product
is a differentiable mapping.
We consider matrix Lie groups, that is, Lie groups which are
, the group of invertible
matrices with
subgroups of
the usual matrix product as the group operation. As mentioned,
is the semidirect product
the special Euclidean group
and the special orthogonal group
. Rotation
[7] of
defined by
matrices form the group
(2)
where det is the matrix determinant, while displacement vectors
form . The matrix denoted by stands for the identity matrix
of suitable dimension.
A. Lie Algebra
Define the tangent space
at the identity of a matrix
Lie group . This forms the Lie algebra of the Lie group . The
, denoted by
, is isomorphic to ,
Lie algebra of
consists of the vectors
for
that is
. Every element of
, say , can be identified with
, of the form
a 4 4 matrix, denoted by
(3)
is the 3 3 skew-symmetric matrix representation of
where
, the Lie algebra of the special orthogonal group
.
, we have2
For
(4)
We adopt the convention that
of the tangent vector at

(5)
, denoted by
is the usual matrix commutator
. Making use
defined by
of the adjoint operator defined by
The Lie bracket for

(6)
for

The set of every rigid transformation on , denoted by
such that, for every
,
for
and
, forms the special Euclidean group
[6]. One
, say
, as a 4 4
can identify every element in
homogeneous transformation matrix of the form
(1)

is the left trivialization3
, i.e.,

, it is readily verified that

since

2Note

that the operator

d1e

is overloaded. When it applies to a vector

!

2

(3), it yields the matrix representation of
(3), as in (4). When it applies
to a twist V 2 (3), this yields the matrix representation of (3), as in (3).
1Robotics

is one of the many research areas which benefited from Lie group
theory. Recent application of Lie group theory to robotics includes [23] and [24].

3In terms of the terminology of [6], the left trivialized form of the tangent
vector corresponds to the body twist, while the right trivialized form to the spatial twist of a rigid body.
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Coordinate transformation of
transformation induced by
tionship:

is done by the adjoint
by the following rela-

It is expressed as4

(7)

(16)

It is easy to verify that
(8)
for
by

given in (1). Then, the derivative of

Its inverse is given by

is related to
(17)
(9)

where

is given by (5).

B. Exponential Map and Its Differential
For a general matrix Lie group and its Lie algebra , the
, is defined as the matrix expoexponential map,
, the exponential map of
is defined
nential. For
, i.e.,
as the matrix exponential of
, where
. Upon series evaluation, it is analytically given, for

where
is the th Bernoulli number for
[12].
The following lemma shows that the differential of expocan be expressed using
nential map and its inverse on
. It is
closed-form formulas, just as the exponential map on
, the analytic expression5 has been obtained
known that on
[12] by

(10a)
and for nonzero
(10b)
where

is defined by

When
,
. It looks a little bit
more involved to compute the differential and its inverse of the
, mainly due to computation of an adexponential map on
ditional trigonometric function. However, one can see that they
can be easily computed by the following formula:

(11)

(18)

The closed-form expression (10) is known as Rodrigues’ formula [6]. For efficient computation of its differential and the
product inverse given below, we express the formula (11) as

(19)

(12)
where
and

where , , and are computed previously by (13) and (15).
In the same spirit, we obtained the following analytic expressions of the differential of exponential map and its inverse on
. It is a simple matter to verify the derived expressions
using some symbolic expression-manipulation packages.

(13)

for

4Slight abuse of notation has been allowed to express (16) and (17). Precisely
, would
expressing (16), employing the representation of a Lie algebra using
be

and

(14)
ddexp

For later use, let us define

C )e = dC e +

(

as

+

(15)
The differential of the exponential map is defined as the tangent
of the exponential map, that is, as a function
,
such that

=

1

[d

3!

1
2!

Ae; dC e]

[d

Ae; [dAe; dC e]] + 1 1 1
1

j + 1)!

(

ad

C :

Similar expression applies to (17).
5The closed-form expression has another advantage besides the exact evaluation. It should be noted that dexp is only singular for sin(k! k=2) = 0,
i.e., k! k = 62k for k = 1; 2; . . .. To the contrary, the series expression of
dexp
, given by (17), does not converge only if j! j  2 .
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Lemma 1: For a given
with
nonzero , the differential of exponential map is represented
as a 6 6 matrix

RK method can be compactly represented by a Butcher tableau
[5]

(20)

..
.

..
.

..
.

..
.

where

(21)
where
(22)
Its inverse exists if
pressed as

for

, and is ex-

The accuracy of the approximation is controlled by the notion
of order. An RK method has order if the Taylor series for the
and for the approximated solution
exact solution
coincide up to (and including) the term , i.e.,
for
[5]. The order is determined by the
constants , , and . A third-order and fourth-order explicit
RK method can be implemented in three and four stages with the
coefficient tableaux given by Table III(a) and (b), respectively.
A. Differential Equations on Lie Group

(23)

Differential equations on a matrix Lie group
[9], [25]

are written as

where

(26)
(24)

where

, the Lie algebra of , for all
. As the tangent space at
has the form

If

,
and
.
and
,
becomes singular.
When
does not exist.
In other words, only then,
The computational complexity in computing the exponential
map and the additional operations to compute the inverse of the
are analyzed in
differential of the exponential map on
reAppendix I-A. Summarizing, one computation of
quires 26 scalar additions, 38 scalar multiplications, two scalar
divisions as well as one square-root operation, and two trigonometric function evaluations. The additional computations necis summarized to be 33 scalar addiessary to compute
tions, the same number of multiplications, and three scalar divisions. Note that this is almost same complexity required for one
matrix-vector multiplication of dimension 6 6.
III. NUMERICAL INTEGRATION ON LIE GROUPS
Let us recall the explicit RK methods [5]. Suppose that the
evolving on
are
differential equations
at time
, the solution to
given. Given the state value
the equation at time
, denoted by
, is
computed as
approximated by
(25a)
(25b)
(25c)
The algorithm is called the -stage explicit RK method. The
, the
algorithm is explicit in that for computing the value of
values of
for
are not required. In general, an -stage

and
(27)

the solution of (26) satisfies
for all .
Caution should be exercised in approximating, or numerically
integrating, a solution to the differential equation on a matrix Lie
group, as the conventional RK methods have the shortcoming
does not belong to the Lie
that the approximated solution
. For example, consider a
group any more, even when
differential equation on
of the form (26) with
. It can be verified that
is an invariant of the
, where
denotes
differential equation, that is,
the partial derivative with respect to . However, no RK method
can conserve
. In fact, it was shown that no
RK method can conserve polynomial invariants of degree for
[9, Th. IV.3.3]. As the determinant is polynomial of degree
3, it cannot be conserved by RK methods. Consequently, though
, an approximation
at
for
by any RK method does not belong to
.
B. Lie Group Method: Crouch–Grossman Method
For
the update operation by RK methods (25a) corresponds to the exponential map of the associated Lie algebra,
which is also . Hence, the updated states evolve on . If the
but a Lie group, one can conjecture that the upgroup is not
date should be made by the exponential map of its Lie algebra.
This is the very idea of Crouch and Grossman [10]. The algorithm below is referred to as the CG method hereinafter. For
(28a)
(28b)
(28c)
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TABLE I
TABLEAUX OF CG METHOD OF ORDER 3 AND 4. (a) CG3 [10]. (b) CG4 [27]

TABLE II
TABLEAUX OF CF METHOD OF ORDER 3 AND 4. (a) CF3 [28]. (b) CF4 [28]

The definition given by (26) asserts that
belongs to the associated Lie algebra. By the property of the exponential map and by the construction of the update operation,
,
the CG methods always give rise to an approximation
which lies exactly on the manifold defined by the Lie group.
The accuracy of the CG methods is also indicated by the order
condition [9]. Explicit computation of the coefficients up to the
fourth-order condition [26] has been made, and we employed
the tableaux presented in Table I. It is worth noting that the
fourth-order CG method cannot be implemented in four stages,
but five stages are required.

the tableau given in Table II(a), where the first row of the
section contains
and the second row
. As
for
all , one can save one computation of exponential. In particular,
the tableau leads to

C. Commutator-Free Lie Group Method
The fourth-order CG method requires 15 evaluations of the
exponential map, and 15 homogeneous transformation matrix
multiplications during one step. For a general matrix Lie group,
saving computation of exponential maps is desired, as it is very
time-consuming.6 One method to circumvent this is the MK
method, involving commutator evaluation, which will be described in the next subsection. The other one is the CF Lie group
method [28].
The CF method is implemented as follows. For
(29a)
(29b)

(29c)
In the algorithm described above, the parameter counts the
number of exponentials for each stage. It is allowed for to
have a different value for each stage. It is determined so as to
minimize the total number of exponentials. If it is and
, the algorithm reduces to the CG method.
Saving of computation of exponentials is possible by reusing
the previously computed exponentials. The following example
will clarify this. The third-order CF method is implemented by
6It

was reported that when a Lie group in question is realized as a group of
flops, and

n 2 n matrices, the cost of the exponential is typically of size 25n
the commutator may cost 4n flops for large n [28].

Note that as the last two terms in computing
, one can save the computation by

are same as

Only three evaluations of the exponential map and three
are required to implement the third-order method, while the
third-order CG method requires six exponential maps and six
multiplications.
One can also implement the fourth-order CF method using
section has
the tableau given in Table II(b). Note that the
two rows, and the first row is the same as the row of , which
saves one computation. According to the tableau, we have the
following CF4 method requiring five evaluations of exponential
maps and five multiplications:
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TABLE III
TABLEAUX OF RK AND MK METHOD OF ORDER 3
(a) RK3 AND MK3. (b) RK4 AND MK4

AND
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TABLE IV
COMPLEXITY PER STEP OF CG, CF, AND MK
METHODS FOR A GENERAL LIE GROUP [28]

4.

D. Lie Group Method: Munthe–Kaas Method
For a differential equation on a matrix Lie group given by
(26), it is well known that the solution is formally given by [12,
Lemma 3.1]
(30)
where

Fig. 1. Single rigid body.

satisfies the differential equation
(31)

This can be easily seen as

Inverting
yields (31).
Note that (31) is a differential equation on a Lie algebra. Compared with solving the differential equation on a Lie group, one
can enjoy the advantage that the differential equation on a Lie
algebra can be integrated using the conventional RK methods,
since the Lie algebra is isomorphic to . This is the key idea of
MK [11] in implementing a Lie-group integrator, referred to as
the MK method. The algorithm is implemented as follows. For

, requiring two evaluations of commutator. In
addition, four evaluations of exponential maps are needed.
Table IV compares the complexity of each method implemented for a general matrix Lie group. It should be noted that
in our implementation of the Lie-group integrators, commutator
computation is not necessary, as we have the closed-form exfor
. Exponential map is also
pression of
computed using the closed-form formula. A more detailed analysis of complexity will be given later. It is worth recapitulating
that all these Lie-group integrators evolve the approximated solutions on the Lie group.
IV. A SINGLE RIGID BODY
A. Rigid Body Kinematics and Dynamics

(32a)

The displacement and attitude of a body frame attached to the
body, relative to a reference frame, is expressed as a homogeneous transformation matrix

(32b)
(32c)
(32d)
(32e)
The differential equation (31) is integrated numerically as
(32d) by an RK method of a desired order. For example, the
standard fourth-order RK coefficients, shown in Table III, can be
used to implement the fourth-order MK method. It was shown
that the order condition of the underlying RK methods still holds
is apfor the MK method, even if
proximated by some finite terms [11]. In particular, those up
terms are sufficient for the th-order imto the heading
plementation. For example, for the fourth-order implementation, it is approximated by

where denotes the displacement vector of the origin of the
in Fig. 1, with respect to the reference
body frame, say,
frame {ref}, and
is the rotation matrix of the body frame
relative to the reference frame. The homogeneous transformation matrix is the representation of the special Euclidean group
.
Body twists are the geometric entity embodying the Lie al, denoted by
. It consists of the translagebra of
tional and rotational velocity, denoted, respectively, by
and
, of the body frame relative to the reference frame,
which are represented with respect to the body frame. The body
twist, denoted by , is defined by
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The body twist has the relationship given by (5) with the time
derivative of the homogeneous transformation. Equivalently, we
have

: Given
and
1) CG Method on
, the CG method being applied to (35a) yields

at time

(37a)

(33a)
(33b)
and to (35b)
The body wrench consists of the force and moment applied
to the body, at the origin of the body frame, which are expressed
with respect to the body frame. It is defined by

(37b)
as

is isomorphic to . The intermediate updates for
are computed by

where
and
stand for the force and moment.
In terms of the body twist and wrench pair, the motion of
the body is described by the following equation of motion [6,
Exercise 4.6]:

(37c)
(37d)

(34)

(37e)

where
Note that the exponential map is computed by (10). For any
square matrices , the post-product operator is defined as follows:
provided that the body frame is located at the center of mass of
and are the mass and the rotathe body. In the equation,
tional inertia of the body at the body frame. It should be noted
that this particular form of the matrices is only valid for the body
frame located at the center of mass of the body. Only then, the
off-diagonal blocks become zero. If not, the matrices should be
properly transformed to the body frame [6].
B. Geometric Integration Algorithm on
First, rewrite the equations of motion (34) together with (5)
in the following form:

for
for

(38)

Notice that due to the left trivialization of the Lie algebra,
, not in the same form as
(35a) is in the form of
(26). This is reflected in the right multiplication of the exponential map in the update operation.
: The CF method can also be ap2) CF Method on
. For (35a), a general CF method proplied to
duces the approximation by

(35a)
(35b)

(39a)

where

where
(36)
Note that the body inertia is constant, while the body bias
.
matrix depends on
The key insight into the equations is that they are differential
. The
equations on a Lie group
and
form a
states consisting of
Lie group, since the direct product of two Lie groups is also a
Lie group.
Now we can apply the Lie-group integrators in a straightforward manner. As the underlying Lie group is a direct product of
and
, implementing a Lie-group integrator
on the product group amounts to implementing a Lie-group integrator separately on each group and combining the both.

(39b)

When it is applied to a differential equation on
, the
exponential map is the identity map. Hence, partitioned rows in
coefficient tableaux in each stage evaluation are summed as a
single row. In particular, (29a) is simplified to

(39c)
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Similar reduction holds for (29c), that is
(39d)
It is worth noting that the coefficient tableaux in Table II become
equal to those in Table III upon this kind of reduction being
and
.
made. In other words,
: In applying the MK method to
3) MK Method on
(35a), one has to accordingly formulate the differential equation on the Lie algebra such as (31). Consider the differential
equation on a Lie group
(40)
Assuming the solution
with
the differential equation on the Lie algebra

Fig. 2. Chain structure of articulated multiple bodies.

[29], [30]. Fortunately, when
is concerned, there is no
need to approximate the exponential and the inverse of its differential, since the explicit expressions are available. In particular, Lemma 1 provides the closed-form expression of
for
. Therefore, the issue of computational burden is
.
not of much concern in

yields

V. ARTICULATED MULTIBODY SYSTEMS
A. Equations of Motion

(41)
The following formula will be of use in deriving the equation:

As mentioned, (35b) can be integrated just by the RK method,
is also the
as the exponential map is the identity and
identity matrix. Hence, the MK method is implemented as fol,
at time
lows. Given
(42a)
(42b)

Systems having one branch from the base to the end without
any loop are called chain-structured.7 In Fig. 2, a chain-structured articulated multibody system consisting of bodies with
joints is shown.
As there are bodies, we have to consider body wrenches,
. For each of
joints, the joint
denoted by
.
torque is applied, and it is denoted by for
Then, we can show that the equations of motion are of the following form [31]:

(43)
and
are the homogeneous transwhere
formation matrix and the body twist of the base body, i.e., body
0, and and are time derivatives of , the th joint value.
The vectors in the equation are written as

(42c)
..
.

where for

..
.

..
.

(42d)
(42e)

B. Integration Algorithm
The above equations of motion can be written as the differential equations in the following form:

and they are used to compute
(42f)
(42g)

(44a)
(44b)
(44c)
(44d)

(42h)
It was mentioned that to save computations of exponentials in
the CG methods, the CF method was developed [28]. Commutator evaluations can also be reduced by a clever transformation
on , making use of the notion of the graded free Lie algebra

7General open-loop multibody systems are classified into chain structure and
tree structure. In this paper, we only focus on chain-structured open-loop articulated systems. However, the proposed method can be applied to any multibody
systems, as long as the equations of motion have the same form as in (43). As
a matter of fact, any open-loop multibody system has the equation of motion of
that special form.
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where

TABLE V
COMPLEXITY OF ALGORITHMS IN TERMS OF ELEMENTARY OPERATIONS

(45)
It is not difficult to see that these are the differential equations
on the Lie group
, consisting of
.
1) CG Method: The explicit algorithm is described as fol,
,
, and
at time
lows. Given
(46a)
(46b)
C. Comparison of Computational Complexity
(46c)
(46d)
where
(46e)
(46f)
(46g)

(46h)

(46i)

(46j)
The third- and fourth-order CG methods can be implemented
using the tableaux given in Table I.
2) CF Method: The CF methods of orders 3 and 4 can be
similarly implemented using the tableaux in Table II.
3) MK Method: The explicit algorithm is described as fol,
,
, and
at time , instead
lows. Given
of (46a), use
(47a)
and use

Computational complexity of each algorithm is summarized in
terms of elementary operations in Table V. More detailed analysis
stands for the
is listed in Table X in Appendix I-B, where
complexity required for the forward dynamics computation, or
and
in (45). As a matter of fact, this complexity is by
far heavier than the other. In this sense, CG4 is computationally
more demanding than the other methods. The difference is not
significant for second-order implementations. For the third-order
implementations, CF3 is superior to the other methods. Among
the fourth-order implementations, CF4 is also most efficient for
lower joint degrees of freedom (DOFs). However, as the joint
DOF gets higher, MK4 becomes more efficient than CF4.
There is another point which should be taken into account.
In implementing higher order methods of each Lie-group integrator, one has to obtain the suitable coefficient tableaux. The
coefficient tableau has been found for the fifth-order CG method
requiring nine stages. This is implemented at the cost of 45 eval[27]. In practice, coefficients have not been reuations of
ported for CG methods with higher orders than five. For the
CF methods of fifth-order and higher implementations, the coefficient tableaux have not been found [28]. However, the MK
methods of higher order can be easily implemented, as we have
the coefficient tableaux for higher order RK methods. For example, the fifth-order MK method can be implemented in six
and
per step.
stages, requiring six evaluations of
As a matter of fact, RK methods of 6th order in 7 stages, 7th
order in 9 stages, 8th order in 11 stages, and finally, 10th order
in 17 stages have been implemented explicitly [5]. Therefore,
from the theoretical viewpoint, the higher order MK methods
can be implemented using those coefficient tableaux.

(47b)
VI. NUMERICAL EXAMPLE
(47c)
(47d)
(47e)

instead of (46i).
The third- and fourth-order MK methods can be implemented
using the tableaux given in Table III.

Consider the articulated multibody system consisting of three
bodies and two revolute joints, shown in Fig. 3. Every body
frame and every joint motion are illustrated in the figure. For
the sake of convenience, every body is illustrated by spherical
body of radius 1 m and mass 10 kg. The generalized coordinates
, where is the homogeneous transof the system is
formation matrix of the base body indexed by 1. Note that body
1 is free to move.
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TABLE VII
NORM OF THE LINEAR MOMENTUM DRIFT

TABLE VIII
NORM OF THE ANGULAR MOMENTUM DRIFT
Fig. 3.

Three bodies with two revolute joints at t = 0.
TABLE VI
ABSOLUTE VALUE OF KINETIC ENERGY DRIFT

TABLE IX
COMPARISON OF COMPLEXITY BETWEEN 1000 TIMES OF THIRD-ORDER
METHODS AND 100 TIMES OF FOURTH-ORDER METHODS

The objective of the simulation is validation of the proposed
numerical integration algorithm, though the algorithm is firmly
based on theoretical argument. To this end, we conducted the
following simulations in order to examine conservation behaviors8 of integral invariants, i.e., the total kinetic energy and the
linear/angular momentum [32]. It assumes zero joint torques
and
, but with
and zero body wrenches, i.e.,
nontrivial initial conditions
,
, and nonzero
and
.
,
rad/s. Integration
First, we let
s for each method of orders two, three, and
is run until
four by reducing the time step, denoted by , as 1, 0.1, 0.01, and
, the norm of kinetic energy drift, the norm
0.001 s. At time
of linear momentum drift, and the norm of angular momentum
drift were computed and summarized in Tables VI–VIII.
As a matter of fact, the CG and CF methods result in the
identical method in the case of second-order implementation.
Though the second-order MK method, i.e., MK2, is not identical
to the others, almost the same drift behavior has been produced.
This table can give a rough idea of tradeoff between a higher
order implementation with sparser time step and a lower order
one with a denser time step, in terms of accuracy and complexity. For example, it can be observed from the tables that
are althe drifts of the third-order methods with
most comparable with those of the fourth-order methods with
. To compare the actual complexity between two cases,
leads to 1000 steps of integration,
note that the case
8As a matter of fact, the system of our particular concern is the general articulated multibody system, for which neither energy and momentum are preserved.
Though the simulations employ the free dynamics, where the energy and momentum are conserved, this is purely for validation of integration methods in an
indirect way, because we do not have the exact solution which can be used as
the ground truth for comparison.

while the case
leads to 100 steps. Table IX summarizes
the actual computational complexity between third-order and
fourth-order methods. Actual complexity to get a desired accuracy with lower order implementations becomes by far heavier
than that of higher order methods.
To illustrate the behavior of the drift, the plots in Figs. 4–6
compare the drifts in log scale for each order implementation
of each method. One can see that the fourth-order behavior of
CG4 is not so strictly enforced, compared with CF4 and MK4,
since the rate of decrease is reduced as the time step decreases,
as shown in Fig. 4. In addition, the CG methods produce more
drifts, compared with other methods. This will be more clearly
seen when one compares the long-term drift behaviors, as in the
next simulation.
Now, we simulated the system with
m/s or rad/s
and
rad/s. Integration is run until
for fixed time step
to examine the long-term drift
behavior. We applied the CG, CF, and MK methods of orders
three and four.
Fig. 7 summarizes the drift behavior of CG3, CF3, and MK3,
while Fig. 8 summarizes CG4, CF4, and MK4. The behavioral
difference becomes conspicuous in the fourth-order implementations. In particular, the CG4 method results in much faster
drift of energy and momenta, while CF4 and MK4 behave
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Fig. 4.
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CG methods. Drift of conserved quantities at t = 1:0 s.

Fig. 6. MK methods. Drift of conserved quantities at t = 1:0 s.

In particular, the CG, CF, and MK methods were formulated.
The Rodrigues formula presents the closed-form expression of
, eliminating the need of finite
the exponential map on
term approximation. We also developed the closed-form formulas for the differential of the exponential map and its inverse
, which are particularly useful in implementing the
on
MK method. Recapitulating, the computational burden required
for approximating the exponential and the inverse of its differential has been virtually eliminated in implementing the proposed Lie-group integrators for articulated multibody systems.
Through numerical experiments, we verified the performance
of the methods, and concluded that the CF or MK methods perform better and are implemented more efficiently than the CG
methods, especially in the higher order implementations.
APPENDIX I
COMPUTATIONAL COMPLEXITY
Fig. 5.

CF methods. Drift of conserved quantities at t = 1:0 s.

almost similarly, though only slight advantage is observed in
MK4. This simulation shows that the third- and fourth-order
CG methods perform worse than the other two methods. Note
that no attempt to stabilize or dampen the numerical integration
has been done during simulation. The algorithm was used just
as described in this paper.
VII. CONCLUDING REMARK
Numerical integration methods based on the Lie-group theoretic geometric approach were applied for dynamical simulation of articulated multibody systems. The proposed Lie-group
integrators have the advantage that the approximated solutions
always evolve on the underlying group. An additional point of
advocating the method is that no additional parametrization of
the equations of motion is necessary. Exploiting the structure
of the equations of motion of the general articulated multibody
systems, we can focus on the Lie-group integrators evolving
.
on a Lie group including the special Euclidean group

A. Complexity of

and

on

Let us consider the additional computational burden to compute the inverse of the differential of the exponential map on
.
First, let us analyze the computational cost for one
. For a given
evaluation of the exponential map on
the following six basic terms are computed:
and
which requires six scalar multiplications. Then, one can compute
and
at the cost of two scalar additions and one square-root operation.
, i.e.,
with one more scalar
By computing the half of
multiplication, one can compute the common coefficients and
in (14) by two trigonometric function evaluations, and one additional scalar division for . Further, the common terms and
should be computed at the cost of two scalar multiplications.
defined by (12) is written
Then, the exponential map on
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Fig. 7. CG3/CF3/RKMK3 with h = 0:05: drift behavior. (a) Kinetic energy variation. (b) Norm of linear momentum drift. (c) Norm of angular momentum drift.

Fig. 8. CG4/CF4/RKMK4 with h = 0:05: drift behavior. (a) Kinetic energy variation. (b) Norm of linear momentum drift. (c) Norm of angular momentum drift.

in the form of
puted by

, which can be efficiently com-

In total, 9 scalar multiplications (in computing
and
)
and 12 scalar additions are enough to compute the expression.
needs 9 scalar multiplicaTherefore, computation of
tions and 12 scalar additions, as well as 1 more scalar multi. The upper off-diagonal block of
can
plication for
be written as

The following common terms are computed:

and
by nine scalar multiplications. Then,
and
can be
computed at the cost of five scalar additions. Then, to compute
the off-diagonal term requires one scalar division, one scalar addition, one scalar multiplication (for computing the coefficient
operation of dim. 3 and two
of ), then three

operation of dim. 3, where
denotes the operation of
scalar-vector multiplication, and
the operation of vector
addition. In total, one scalar division, seven scalar additions, and
ten scalar multiplications are necessary.
requires 26 scalar
Summarizing, one computation of
additions, 38 scalar multiplications, 2 scalar divisions as well
as 1 square-root operation, and 2 trigonometric function evaluations.
by (19), first the coefficient of
is
To compute
computed by one scalar addition and one scalar division, as well
as one scalar division for the common term . Then, since it
, it can be computed by 9 scalar
has the same form as
multiplications, and 12 scalar additions. The upper off-diagonal
,
block requires computation of . In order to compute
we use the following explicit expression:

which requires six scalar additions as well as three scalar multiplication, owing to the symmetry of the matrix. In order to
, one scalar division and two
evaluate the coefficient for
), one scalar multiplication (for
scalar additions (for
), and additional two scalar multiplications are necessary. Since
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TABLE X
COMPLEXITY OF EACH ALGORITHM

and only three scalar multiplications are enough to compute
can be computed at the cost of two
and
it. Then,
of dim. 3 3, where
denotes the operation
one
the operation of maof scalar-matrix multiplication and
trix addition. Taking into account the symmetry, only 12 scalar
multiplications and 6 additions are enough. Then, the off-diagonal block can be computed by an additional six scalar additions
.
with three scalar multiplications for
The additional computation necessary to compute
is
summarized to be 33 scalar additions, the same number of multiplications, and 3 scalar divisions.
B. Comparison of Complexity Lie Group Methods
stands for the complexity to
See Table X. In particular,
and
compute the forward dynamics.
denote the operations of scalar-vector multiplication and scalarvector multiplication with vector addition of dim .
is
is
the homogeneous matrix multiplication, and
.
the matrix-vector multiplication of dimension
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